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Abstract. We use deformation-rigidity theory in von Neumann algebra frame- 
work to study probability measure preserving actions by wreath product groups. 
In particular, we single out large families of wreath products groups satisfying 
various type of orbit equivalence (OE) rigidity. For instance, we show that 
whenever H, K, T, A are ice, property (T) groups such that H i T is measure 
equivalent to K J A then automatically V is measure equivalent to A and H r is 
measure equivalent to K^. Rigidity results for von Neumann algebras arising 
from certain actions of such groups (i.e. W*-rigidity results) are also obtained. 
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Introduction and Notations 

The purpose of this paper is to study rigidity phenomena in von Neumann factors 
of type Hi and orbit equivalence relations arising from actions of wreath product 
groups on probability measure spaces, by using deformation/rigidity methods. 

Rigidity in von Neumann algebras (or W* -rigidity) occurs whenever the mere 
isomorphism of two group measure space Hi factor L°°(X) x T ~ L°°(Y) x A (or of 
two group factors L(F) ~ L(A)), constructed from free, ergodic, measure preserving 
actions of countable groups on probability spaces, T rx X , A r\ Y (respectively 
from infinite conjugacy class groups I\ A), forces the groups/actions to share some 
common properties. The similar type of phenomena in orbit equivalence (OE) 
ergodic theory, which derives common properties of the actions r r\ X , A r\ Y from 
the isomorphism of their orbit equivalence relations, is called OE-rigidity. These 
two types of results are in fact closely related, as any OE of actions implements an 
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isomorphism of their associated group measure space von Neumann algebras (cf. 
|Si55j ). i.e. a W*-equivalence of the actions. In other words, orbit equivalence 
is a stronger notion of equivalence for group actions than W* -equivalence, thus 
making W*-rigidity results more challenging to establish than OE-rigidity. The 
ultimate purpose for studying such phenomena is, of course, the classification of 
group measure space Hi factors and equivalence relations in terms of their building 
data r r\ X . In this respect, the "rigidity" point of view offers a more suggestive 
and nuanced terminology, and a far more intuitive set up. 

W* and OE rigidity can only occur for non-amenable groups, as by a cele- 
brated result of Connes ( |Co76j ) all Hi factors L°°{X) x T with T amenable are 
approximately finite dimensional and thus isomorphic to the so-called hyperfinite 
factor R. Similarly, all measure preserving (m.p.) ergodic actions of amenable 
groups on the standard probability space are OE ( |OW80j . |CFW81j ). Moreover, 
non-amenable groups give rise to non-hyperfinite Hi factors and orbit equivalence 
relations. It has been known for some time that non-amenable groups can pro- 
duce many classes of non-isomorphic Hi factors and orbit equivalence relations 
( |MvN43l |Dy63l IMcDu69l ICo75l ICoSOal FZ18OI IP086I ICH89] ) , indicating a very com- 
plex picture, and a rich and deep underlying rigidity theory. But it was during the 
last ten years that this subject really took off, with an avalanche of surprising 
rigidity results being obtained on both OE and W* sides. 

Much of this is due to the emergence of deformation/rigidity theory f |Po01a[ 
IPoOlbl IPo03| IPo06bj ) , a set of techniques that exploits the tension between "soft" 
and "rigid" parts of group measure space Hi factor M = L°°{X) x: V, in order to 
recapture the initial data T r\ X 1 or part of it. This approach is based on the 
discovery that if the group action has both a "relatively soft" part and a "relatively 
rigid" part, complementing one another, then the overall rigidity of the resulting Hi 
factor M is considerably enhanced. The "soft spots" of an algebra M are gauged 
by deformations by completely positive maps, a prototype of which being malleable 
deformations, that for instance Bernoulli and Gaussian actions have. 

It is due to such a combination/complementarity of "soft" and "rigid" parts that 
wreath product groups G = H IT have soon been recognized to be "exceptionally 
rigid" in the von Neumann algebra context. Indeed, it was already shown in [PoQ3j 
that any isomorphism between group IT factors L(G) ~ L(G'), with G — H IT, 
G' = H' I r' wreath product groups, H, H 1 abelian and T, V having property 
(T) of Kazhdan, forces the groups T,r' to be isomorphic. The same was in fact 
shown to be true if T, T' are non-amenable product groups ([Po06a]) and for certain 
amalgamated free product groups T (with V arbitrary!) in |P V09] . while in |Io06] 
it is shown that for non-amenable ICC groups H,H' and amenable groups r,r', 
the isomorphism L{G) ~ L(G') implies T ~ T' . Also, Hi factors L(G) arising from 
wreath products G = H IT with H amenable and T non-amenable were shown to 
be prime in |Po06a] . a fact that was later strengthened significantly, in two ways: 
a relative solidity result for such L(G) is proved in [CI08) . while a unique prime 
decomposition result for tensor products of such factors is obtained in |SWllj . 
Finally, let us mention that in jlPVlOj , a large class of generalized wreath product 
groups G were shown to be W*-superrigid, i.e. any isomorphism between L(G) and 
the Hi factor L(G') of an arbitrary group G', forces G ~ G 1 . 

It has been suggested by the second named author in 2007 that a group measure 
space factor and orbit equivalence relation arising from ANY action G r\ X of a 



Some OE and W*-Rigidity Results 



wreath product group G — HIT may exhibit a certain level of rigidity. This has been 
confirmed at the OE- level by Hiroki Sako in [2a09] , who was able to prove that for a 
large class of groups T, the OE class of an action HIT rx X is completely determined 
by the OE-class of its restriction T rx X. More precisely, he showed that, if two 
actions by wreath products groups are orbit equivalent, HIT =oe KlA, where H , K 
are amenable and T, A are products of non-amenable, exact groups, then V =ob A. 
His methods rely on Ozawa's techniques involving class S groups £)z03, Oz04] thus 
being C* -algebraic in nature and depending crucially on exactness of the groups 
involved. 

In turn, in this paper we use a deformation/rigidity approach to this problem. 
This will allow us to exhibit several large classes of groups for which the OE rigidity 
phenomenon described above holds. It will also allow us to obtain some W*-rigidity 
results of a similar type. 

In order to state our OE rigidity result in its full generality, we recall the following 
terminology (see e.g. [Ga05, Fu99 ): Two groups T, A are stably orbit equivalent, or 
measure equivalent (ME), if there exist free ergodic probability measure preserving 
actions T rx (X,fj,), A rx {Y,v), subsets of positive measure Xq C X, Yq C Y 
and an isomorphism of the corresponding probability spaces 8 : (A"o,/io) — (Yqi>o) 
(where fio = /VM^o), = v/u(Xo)), such that BiTt n X n ) = A(6(t)), for almost 
all t € Xq. We then write T =me A. 

We consider the following three families of groups: for each k = 1, 2, 3, we denote 
by WR(fc) the collection of all generalized wreath product groups H li T with T 
ice, / a T-set with finite stabilizers and satisfying the condition: 

(1) r has property (T) and H has Haagerup's property; 

(2) T and H have property (T) and H is ice; 

(3) r is a non-amenable product of infinite groups and H is amenable. 
With this notation, we obtain the following: 

Theorem 0.1. Let H U T,Klj A € WR(fc) for some k = 1,2,3. If H h T is 
measure equivalent to K \j A, then T follows measure equivalent to A. Moreover, 
if H hT,K lj A € WR(2) is such that H U V = M e K Ij A, then V = M e A and 
H 1 ^me K J . 

To prove the above result, we exploit the fact that the group measure space 
von Numann algebra M associated to an action of a wreath product group H I T is 
"distinctly soft" on its TJ^-part, independently of the action. In turn, the fact that 
r acts in a very mixing way on H ^ makes T "strongly singular" (or "malnormal" ) 
in M. When combined with rigidity assumptions on T, this allows us to first extract 
information about the associated crossed product von Neumann algebra regardless 
of how the group acts, then finally deducing the above OE rigidity result. 

On the other hand, if we now assume that T acts compactly on the probability 
space X, then we can distinguish the subalgebra L(iJ^ r ^) on which V acts mixingly 
from the subalgebra L°°(X) on which it acts compactly. This allows us to obtain 
the following strong W* -rigidity result: 

Theorem 0.2. Let H, K be amenable groups and T, A groups with the property (T). 
Assume that Hi T rx a X and Kl A rx p Y are free, measure preserving action such 
thato~\Y is compact, ergodic and is ergodic. If L°°(X)yi(HlT) ~ L° a (Y) xi (KlA), 
then r rx a tr X is virtually conjugate to A rx p ^ Y . 
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Organization of the paper. In the first section we describe the von Neumann 
algebras we will be studying and the deformation that we will be using. In the 
second section we collect various intertwining results concerning subalgebras of von 
Neumann algebras arising from actions of wreath product groups. The third and 
fourth section are dedicated to the heart of the deformation/rigidity arguments 
of the paper, and focus on locating the malnormal, rigid subgroup T of a wreath 
product H IT. The final two sections are devoted to the proof of the main theorems. 

Notations. Throughout this paper all finite von Neumann algebras M that we 
consider are equipped with a normal faithful tracial state denoted by r. This trace 
induces a norm on N by letting ||x||2 = t(x*x)2 and L 2 (M) denotes the || • H2- 
completion of M. A Hilbert space H is a M-bimodule if it carries commuting left 
and right Hilbert M-modulc structures. 

Given a von Neumann subalgebra Q C M we denote by Eq : M — > M the unique 
r-preserving conditional expectation onto Q. If eQ is the orthogonal projection 
of L 2 (M) onto L 2 (Q) then (M, eg) denotes the basic construction, i.e., the von 
Neumann algebra generated by M and eQ in B(L 2 (M)). The span of {xeQy \ x, y £ 
M} forms a dense *-subalgebra of (M, eQ) and there exists a semifinite trace Tr : 
(N, eQ) — > C given by the formula TrixeQy) = r{xy) for all x, y £ M. We denote 
by L 2 (M, Eq) the Hilbert space obtained with respect to this trace. 

The normalizer of Q inside M, denoted Mm{Q), consists of all unitary elements 
u £ U(M) satisfying uQu* = Q. A maximal abelian selfadjoint subalgebra A of 
M , abbreviated MASA, is called a Cartan subalgebra if the von Neumann algebra 
generated by its normalizer in M, Nm(A)" is equal to M . 

If r r\ a A is a trace preserving action by automorphisms of a countable group T 
on a finite von Neumann algebra A we denote by M = A xi a T the crossed product 
von Neumann algebra associated with the action. When no confusion will arise we 
will drop the symbol a. Given a subset F C T, we will denote by Pp the orthogonal 
projection onto the closure of the span of {ait 7 | a £ A; 7 £ F}. 

Given lu a free ultrafilter on N and (M, r) a finite von Neumann algebra we 
denote by (Af w ,r") its ultrapower algebra, i.e., M" = C°°(N,M)/I where the 
trace is defined as T u ((x n ) n ) — linin^u r(a; n ) and I is the ideal consisting of all 
x £ £°°(N,M) such that t"(x*x) = 0. Notice that M embeds naturally into M u 
by considering constant sequences. Many times when working with M = A x T we 
will consider the subalgebra A u x T of M u . 

For all other notations and terminology, that we may have omitted to explain in 
the paper, we refer the reader to |Po06aj . |P V09] . |ValO] , 



1. Malleable deformations of wreath product groups 

Let H and T be two countable discrete groups and assume that / is a T-set. We 
denote by H 1 = H the infinite direct sum of H indexed by the elements of /, 
which can also be viewed as the group of finitely supported if-valued function on 
/, with pointwise multiplication. Next consider T acting on H 1 by the generalized 
Bernoulli shift i.e. pg((s L ) Le i) = (s g -i L )^ e i for every g £ T. The corresponding 
semidirect product H 1 x p T = H lj T is called the generalized wreath product of H 
and r along /. Throughout this paper, for every l £ I we denote its stabilizing 
group by I\ = {g £ Y \ gi = l}. 
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Given (A, t) a finite von Neumann algebra, let H li T rx a (A, r) be a trace 
preserving action and denote by M = A » a (H U T) the corresponding crossed 
product von Neumann algebra. One important feature of these algebras is that they 
admit s-malleable deformations, in the general sense of |Po06b) . More specifically, 
this is obtained as a combination of the Bernoulli-type malleable deformation in 
[PoOlaj . |Po031 and the free malleable deformations in PoOla , [IPP05 , being very 
much in the spirit of the malleable deformation considered in |Io06] . The detailed 
construction is as follows. 

Denote by H = H * Z and then extend a to an action, still denoted by er, 
H lj r rx a (A,t) by letting the generator u of Z to act trivially on (A,t). This 
gives rise to a crossed product von Neumann algebra M = A~A a (HliT) and observe 
that M C M. 

Seen as an element of LZ, it is a Haar unitary and therefore one can find a 
selfadjoint element h G LZ such that u = exp(ih). For every i e I, denote by 
u l = exp(ith) G LZ and observe that Ad(u*) GAut(LLf). We further consider the 
tensor product automorphism 8 t = CS)jAd(u') G Aut(LiL) and since 9 t commutes 
with p then it can be extended to an automorphism of M which acts identically on 
the subalgebra A x CT T. 

From the definitions one can easily see that lim t _j.o \\ ut — lib = and hence 
we have lim^o ll^tt^) ~ x \\2 — for all x € M. Therefore, the path (9 t )tm is a 
deformation by automorphisms of M. 

Next we show that 9t admits a "symmetry" , i.e. there exists an automorphism 
/3 of M satisfying the following relations: 

(1) /3 2 = 1, P\ u = id\ M , p6 t p = 9-t, for all t e K. 

To see this, first define /3\ 7 = id\ LHl and then for every 1 € I we let (u) L to 

be the element in LH 1 whose /."'-entry is u and 1 otherwise. On elements of this 
form we define = (u*) t , and since j5 commutes with p, it extends to an 

automorphism of L(HljT) by acting identically on LT. Finally, the automorphism 
(3 extends to an automorphism of M, still denoted by /3, which acts trivially on 
A. Verifying relations (p} is a straightforward computation and we leave it to the 
reader. 

For further use, we recall that all malleable deformations admitting a symmetry 
(i.e. s-malleable deformations) satisfy the following "transversality" property: 

Theorem 1.1 ( |Po06aj ). For allteR and all x € M we have that 

||02tO) - x)| 2 < 2||0t(a:) - E M o 6 t {x)\\ 2 . 

2. Intertwining techniques 

We review here the techniques of intertwining subalgebras in |Po01bj . |Po03| . 
which are an essential part of deformation/rigidity theory. Given a projection 
Po G M and two subalgebras P C M and Q C poMpg one says that a corner of P 
can be embedded into Q inside M if there exist nonzero projections p G P q G Q, 
nonzero partial isometry v G M and a *-homomorphism ip : pPp — > qQq such that 
vx = ip(x)v, for all x G pPp. Throughout this paper we denote by P -<m Q 
whenever this property holds and by P -f^u Q otherwise. 
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Theorem 2.1 (Popa, |Po03j ). Let (M,r) be a finite von Neumann algebra with 
P C M , Q C M two subalgebras and consider the following properties: 

(1) P < M Q- 

(2) Given any subgroup Q C U(P) such that Q" = P then for all xy, x%, x n G 
M and every e > there exists u G Q such that 

\\EQ(xiUXj)\\ 2 < e, for every 1 i,j < n. 

(3) Given any subgroup Q C U(P) such that Q" = P there exists a sequence 
u n € G such that 

lim \\En(xu n y)\\2 -> 0, for every x,y € M. 

n— >oo 

T"/ien one /las i/ie following equivalences: 

non{\) ^ (2) (3) 

Based on this criterion, we present below a few intertwining lemmas needed in 
the coming sections. The first result we prove deals with embedding of normalizers 
and will be used quite extensively in Section 5. Roughly speaking, given Q a regular 
subalgebra of M with Q C jV C M and Q a subgroup of normalizers of Q in M, if 
there exits a nonzero partial isometry intertwining Q" into N then one can find a 
nonzero partial isometry in M intertwining the (possibly larger) algebra (U(Q)G)" 
into N. The precise statement is the following: 

Lemma 2.2. LetQ CJVCM be finite von Neumann algebras such that Mm{Q)" = 
M. IfQ C A/"m(Q) is a subgroup such that Q" < M N then (U(Q)G)" < M N. 

Proof. Suppose by contradiction that we have (U(Q)G)" -£m N. Therefore, by 
Theorem 12. 11 there exists an infinite sequence x n — a n u n G IA{Q)Q with a n G U(Q) 
and u n G Q such that 

(2) lim \\E N (xx n y)\\ 2 = for all x, y G M. 

n— ^oo 

Taking x = y = 1 in ([2]) it is immediate that the sequence (u n )n must be infinite. 
Below we prove that 

(3) lim \\E N (xu n y)\\2 = for all x, y G M. 

n— >oo 

Fix two arbitrary unitaries x, y € Nm{Q)- Then for all a n we have xa„x* G 
W(Q) G N and using ([2]) we deduce that: 

lim \\E N (xu n y)\\ 2 = lim \\xa n x* E N (xu n y)\\ 2 = 

n— >oo n— >oo 

= lim ||i?jv(a;a n £*£M„y)||2 = lim \\EN{xx n y)\\2 = 0. 

n— >oo 71— 7-CXD 

The above convergence extends to all elements x, y that are finite linear combina- 
tions of unitaries in Nm(Q) and furthermore, using || • ^-approximations, to all 
elements x, y belonging to Nm{Q)" ■ Since Nm{Q)" = M, this completes the proof 
of®. 

Finally, by Theorem 12. II convergence © implies that 5" N thus leading to 
a contradiction. □ 

The next lemma is more specialized, providing a criterion for intertwining certain 
subalgebras inside von Neumann algebras arising from actions by wreath product 
groups. In essence the result is a translation of Theorem 12.11 in the setting of 
ultrapower algebras and we include a proof only for the sake of completeness. The 
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reader may also consult Section 3 in }Po04j or Proposition 2.1 in }CP10j . for a 
similar arguments. 

Lemma 2.3. Let HliT rv A be a trace preserving action on a finite von Neumann 
algebra A. Denote by M = A X (H li T) and let P C M be a II\ subfactor such 
that Nm(P)' n M = CI. If S C I is a subset, then P -< M A x H s implies 
P w C (A x P s ) w V M. When assuming S = I the two conditions are actually 
equivalent. 

Proof. Assume P -<m A x H s . Therefore one can find nonzero projections p € P, 
q G A x H s , a *-homomorphism %j) : pPp — > q(A x H s )q and nonzero partial 
isometry v £ M such that vip{x) = xv for all x G pPp. The last equation implies 
that vv* G (pPp)' H pMp and therefore we have the following 

(4) pPpvv* =vip(pPp)v* Cv(Ax H s )v*. 

We notice that there exists nonzero projection p' e P' n M such that vv* = pp 1 
and combining this with Q we obtain 

(5) ipPpTp' C (A x H s ) u V M. 

Since P is a Hi factor then after shrinking the projection p if necessary one may 
assume that p has trace J, for some positive integer k. Also, for every 1 ^ i,j ^ k 
there exist partial isometries G P such that en = p, ejy = e^, eye^ = en € 
V{P) and J2i e a — 1- ^ (a ; n)n G P" then using the above relations in combination 
with p'effl M we have 

(•£n)n(p )n — {^nP )n ^ ^ijXn^jjP )n ^ ^X ^il^Xi^n^jX^ljP )n 

(6) = y^(eq)n(eiiX ra e3i) ra (p / ) n (eij) n . 

One can easily see that (eux n eji) n <E (pPp) u and combining this with ([5]) and 
© we conclude that (x n ) n (p') n G (A x P s ) w V M, thus showing that P"p' C 
(A x ff s ) u Vl. 

Conjugating by it G A/"m(P) C J\f M (P'f]M) we obtain P u up'u* C (Axi J ff s ) w VM, 
for all u G A/m (P), and hence P"p C (A x H s ) u \/M where p = V ' u eN- M {P) u P' u * <= 
P' n M. It is clear that po commutes with Mm{P) and thus it belongs to Nm{P)' H 
(P' n M). By assumption we have Nm(P)' H M = CI which forces po = 1 and 
therefore P u C (4 x P s )" V M. 

For the converse we proceed by contraposition, i.e., assuming S = I we show 
that P 7^ M A x H 1 implies P^(4x ff J ) w V M. UP ^ M Ax H 1 , by Theorem 
12.11 there exists a sequence of unitarics a n € U(P) such that for all x, y G M we 
have \\E AylH i (xa n y)\\2 — > as n —> oo. This implies a _L M(.A x Pf 7 )"Af, where 
a = (a„)„ G P" and since M (A x H T ) U M = (A x ff J ) w V M we conclude that 
P u %\ (A x H 1 )^ V M. □ 

In the following lemma we collect three situations when we have good control 
over intertwiners between certain subalgebras of von Neumann algebras arising from 
actions of wreath product groups. The result is a mild extension of Theorem 3.1 
in |Po03j . and has exactly the same proof, which however we include here for the 
reader's convenience. 
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Lemma 2.4. Let H IiT rv CT (A, r) ba a trace preserving action on a finite algebra 
A. Denote by M = A x 5 (H U T), M = Axi a (H U T) and P = A x T. 

(1) Let q £ M be a projection and Q C qMq be a von Neumann subalgebra. 
Assume that for every i£l one has Q -/^m Axs (HliT L ). IfO ^ £ £ L 2 {qM) 
satisfies Q£ C ^(X^&M) for some £i, ...,£„ £ L 2 (M) t/ien £ <E L 2 {M); 
in particular we have Q' D gMg C N q M q (Q)" C M . 

// / /ias finite stabilizers and Q C gMg swc/i i/iai Q 4 » i? 7 i/ien we 
have Q' n gMg C Af qA ~ Iq (Q) C gMg. 

(2) Lef q £ P be a projection and Q C gPg fee a Don Neumann subalgebra. 
Assume that for every t£ J one /ias Q A » T,. // 7^ £ G L 2 (qM) 
satisfies QS, C £ 2 (Ei& p ) / or some 6, -,£n € L 2 (M) t/ien £ e £ 2 (f); m 
particular we have Q' n o/Mo; C N q Mq{Q) Q P- 

Lf L has finite stabilizers and Q C qPq such that Q -fcp A then we have 
Q'nqMqCAf qMq (Q)" CqPq. 

(3) Assume that I has finite stabilizers and let S C / a finite subset. Lf Q C 
A x (i? ?r t s r t ) is a subalgebra such that Q -^m A then we have 

Mm{Q)" <m A x H 1 , 
Proof. Let p denote the orthogonal projection of L 2 (M) onto the Hilbert subspace 
Q£M lh C L 2 (M). Note that p £ Q' H q(M,e M )q and 7^ Tr(p) < 00, where 
Tr denotes the canonical trace on (M, bm)- To prove that £ £ M it is sufficient to 
show that p < ejvf or, equivalently, (1 — 6m)p0- — cm) = 0. 

By taking spectral projections, to show that (1 — cm)p(1 — &m) = it is in fact 
sufficient to show that if / £ Q' n (M, ep) is a projection such that 7^ Tr(f) < 00 
and / ^ 1 — eM , then / = 0. To this end, we will show that H/H2, Tr is arbitrarily 
small. 

Thus, let fjo = e and let 771, rj n , ... be an enumeration of elements in (H \ H) 1 
which are representatives for left cosets of HljT in HljT. Next if we denote by /„ = 
T^i=\ u m e MU f] -^ then, as / has finite trace and / ^ 1 — cm = T^Li %6m^-i, 
there exists n £ N such that \\f n f — /Ih, Tr < e||/||2,7Y- Thus, if u £ U{Q) then 

(7) 

Tr(f n uf n u*) ^ Tr(ff n fuf n u*) - \Tr{f f n {\ - f)uf n u*)\ - \Tr((l - f)f n uf n u*)\. 

Since f n f is e— close to / in the norm || • || 2, Tr and / commutes with u £ Q we 
deduce: 

(8) Tr(ff n fuf n u*) = Tr(f n fuf n fu*) > (1 - 2e - e 2 )\\f\\l Tr . 
Similarly, we have: 

\Tr(ff n (l - f)uf n u*)\ + \Tr((l - f)f n fuf n u*)\ < 2e(l + e)||/||| Tr . 
Combining this with ([7]) and ((8]) we get that for all u £ U(Q) we have 

(9) Tr(f n uf n u*) > (1 - 4e - 3e 2 )||/|| 2 iTr . 

On the other hand a straight forward computation shows that 
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(10) Tr(f n uf n u*) = Tr(y] u fji e M u--iuu i j j e M u--iu*) = Y \\E M {u fli uu~-i)\\l. 

Thus, in order to prove that ||/|| 2, Tr is small, it suffices to show that for every 
771, . . . , fj n G (H \ H) 1 and every e > there exists u G U(Q) such that for all 
l^U'^wwe have 

(11) \\E M (uf li uu~-x)\\ 2 ^e. 

Fix an e > and an arbitrary set {fji, %> • - • > Vn}- F° r every 1 ^ i ^ n denote 
by F the support of r]i and let F = U£=i c ^- It is eas y to see that for every 
1 *S h] ^ n we have the following containment 

(12) { g e r l ^ = J;} c |J {«? e r | gK = £}. 

Furthermore, observe that {g £ T \ gK — £} is either empty or equal to g K ,iT K for 
a fixed element g K j £ T satisfying g K jK — £. When combined with (|12[) it implies 
that for every 1 ^ i,j ^ n we have 

{g£T\gF j =F i }C |J 5M r K , 
which further implies that 

(13) {rjg £ H li T \ r] £ H 1 ; gFj = F} C |J g^(HhT K ). 

Since F is a finite set and for every k £ F we assumed that Q A xi CT (HliT K ) 
then by Theorem 12.11 there exists a unitary G W(Q) such that, for all k,£ £ F 
we have 

WEa^^h 1 xT^g-^^h ^ i^r- 
Using the Fourier expansion ujr e — ^2 vge Hur a vg u vg^ a little computation shows 
that the above inequality is equivalent to 

(14) J2 KJ| < ^ for all M e F. 

Next we show that the unitary ujr £ £ Q found above satisfies (ITT1) . Indeed, em- 
ploying the formula for the conditional expectation, we obtain 



\\E M {v,f li uj:, e u~-i)\\l = Y IN*K»)ll2 < Y II" 



„ • '>(-_£ I ' ' '/ '."</'.< 'IIJ ' I~'jgll2' 



and combining this with (|13l ) and (|14p we have 



i^k^-^ii^ Y Yl kj 2 < Y jw = £ 



which finishes the proof of (1). 

The proof of the part (2) is very similar with the first one and it will be omitted. 
Below we prove part (3). Let K = {g £ T\ exist x,y £ T L S such that gx = y}. 
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First observe that since Q -^m A and T L is finite then Q -^m A x T L . Therefore, 
by Theorem 12. 1[ there exists a sequence of unitaries x n £ Q such that for all 
z,t £ M we have 

lim \\EA^r,,( zx nt)\\2 -> 

n— too 

Using Fourier expansion we have x n = J2 v h ^rih u vh £ Q and therefore the above 
convergence is equivalent to the following 

(15) Yl l|b? fc Ja "> for every M e T. 

Next we prove that for all c, d £ A x CT (-ff 7 ) and g e T \ if we have 

lim H-E^x, (Hi r )(cu ff av« 7 -id)||2 0. 

Using || • 1 1 2- approximations it suffices to show our claim only for elements of 
the form c = C\u ni: d = C2U V2 , where ci,2 £ A and r\\^ £ H 1 . Therefore, using the 
expansion x n = Ylnh ^rjh u nh £ we have that: 

\\EAx a (Hl rL sr L )(cUgX n U^-id)\\2 = 



E E A * „ (H ir„ f r t ) (ci u m u g b™ h u vh u 7 _ i c 2 u m ) \ | 2 



qli 



^ C 1 lt, )1 U g 6™ h M^ /l U 7 -lC 2 U^ 2 ||2 



rjheH(r t F r i. 

Since rjh H ?r,s r t , we observe that condition r/igrfhy Tfy £ H lr L s I\, is 
equivalent to ghj^ 1 £ T t and ViPgi^Pghj- 1 ^) £ H TlS . Since # € T\ AT, then the 
later condition is equivalent to the following: There exist at most finitely many 77^, 
subwords of 771 and finitely many 77^ subwords of 772, such that rjip g (r])pg hj -i{ri 2 ) = 
e. This is furthermore equivalent with 77 = Pg-i((ill)~ 1 )Ph~ l - 1 {{vf) ) an d hence 
the above sum is equal to: 

|| E CiU m Ugb™ h U vh U 1 -lC2U V2 \\l 

< NI 2 NI 2 || E 

•j=p,-i((ni)- 1 ')pv r -i((»j?)- 1 );W 
(16) = IMlW E ll^-x( W -)^ W )-rll2 

Since 77^ and 77^ are finite sets depending only on c, d, (7,7 (which were fixed!) 
then by (|15p the sum (|16|) converges to when n — ¥ 00 thus finishing the proof of 
the claim. 

Now we continue with the proof. We proceed by contradiction so assume that 
A/"m(<3)" t^m A xi H 1 . Fix s > and by Theorem 1 2 . 1 1 there exists a unitary u = 
J2 g er a g u g e Nm(Q), with a 9 e A» i? 7 , such that X) 5 g-R" Il a sll2 < e - Furthermore, 
we can find a finite set K C T such that X) g er\i<" Il a sll2 < e - 
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Denoting by v — ^2 g€ K\K a a u g the above inequalities imply that ||iia; n w* — 
vx n u*\\2 < 2e. Using this in combination with x n £ Ax (Hlr t F^i.) and u e Nm{Q), 
a straight forward computation shows that 

(17) \\E Ay , imriPr ^(vx n u*)\\ 2 > 1 - 2e. 

On the other hand we have 

\\ E Ax(m rLF r L )(vx n u*)\\2 = \\ ^E Ax ^ HlriFrL )(agUgb v hU n hU*a*)\\2. 

Notice that, if a term in the sum above is nonzero we must have that gh'j^ 1 G I\, 
where 3 e K \ K,h € I\. Since K and V L is finite, this means that only finitely 
many 7 will contribute to the sum. By our claim above for each g 6 K \ K and 
7 G r we know the above norm converges to 0. Since there are only finitely many 
such g and 7 we get that 

\\ E Ax(mr L Fr L ){vX n U*)\\2 ^ 0. 

This however, contradicts ([T7| when letting e to be sufficiently small. 

□ 

3. Rigid Subalgebras of M 

In this section we come to the heart of the deformation/rigidity arguments of the 
paper. The central idea, as usual in Popa's deformation/rigidity theory, is to use 
deformations to reveal the position of rigid subalgebras of von Neumann algebras 
M arising from actions by wreath product groups. More precisely, our main result 
shows that if the deformation 9 t introduced in the first section converges uniformly 
to the identity on the unit ball of a diffuse subalgebra Q then one can completely 
determine the position Q inside M. One consequence we derive from this is Theorem 
13.51 describing all rigid diffuse subalgebras of M. 

This result is very much in the spirit of Theorem 4.1 of j 1 '< il )3 and Theorem 3.6 
of |Io06] and in fact most of our proofs resemble the proofs of these results. Roughly 
speaking, the methods we use, employ averaging arguments in combination with 
the intertwining techniques described in the previous section. 

The following technical result can be seen as a criterion for locating subalgebras 
inside von Neumann algebras M arising from actions by wreath product groups. 

Theorem 3.1. Let H, V be countable groups and let I a T-set with finite stabilizers. 
Let H li Y rx A be a trace preserving action on a finite algebra A and denote by 
M = A x (H li r). If Q C pMp is a diffuse subalgebra such that 9 t — > id uniformly 
on the unit ball of Q, then one of the following alternatives holds: 

(1) Q -<m A xi r, 

(2) There exists i £ I and a finite set F d I such that Q -^m A X a (H lr L F r t ). 

The proof of this theorem will result from a sequence of lemmas. The first one 
is taken from [PoOlaj . |Po03) . but we include a proof for completeness. 

Lemma 3.2. Let H,T be countable groups and let I a T-set with finite stabilizers. 
Let H li Y rx A be a trace preserving action on a finite algebra A and denote by 
M = A x (Hli r). If Q C pMp is a diffuse subalgebra such that 0t —¥ id uniformly 
on the unit ball of Q, then one of the following alternatives holds: 
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(1) There exists a nonzero partial isometry w € M such that 6\{x)w = wx for 
all x G Q. 

(2) There exists i G I such that Q -<m A » (H li T L ). 

Proof. Since 9 t — > id uniformly on the unit ball of Q we can find n ^ f such that 

||0i/ 2 »(u) - u\\ < 1/2, for all u G U{Q). 

Let v be the minimal ||.||2 element of JC = W w {9 1 / 2 ™ (u)u* \u G U(Q)}. Since 
\\8 1/2 «(u)u* - 1|| 2 = 1/2, for all u G U{Q), we get that ||u - 1|| 2 = 1/2, thus v ^ 0. 
Also, since 9 1 / 2 ^(u)JCu* = JC and ||0i/2™(u)xu*||2 = \\x\\2, for all u G U(Q), the 
uniqueness of v implies that # 1 / 2 ™(u)i> = vu for all u G U(Q) and hence 

(18) #i/2» (x)v — vx, for all x £ Q. 

Assume that (2) is false, i.e. for every l E I one has Q -^m A x (H lj T L ). Therefore 
part (1) of Lemma T2.4I implies that Q' f] M C M. On the other hand, since 0t is 
a s-malleable deformation then combining (|18j) with the procedure from |Po03j of 
patching up intertwiners, one can find a non-zero partial isometry w G M such that 
9\{u)w = rou, for all u G U(Q), which proves (1). □ 

Our second lemma is a refinement of arguments in Section 4 of |Po03| . 

Lemma 3.3. Let M and M be as above. Assume Q C pMp is a von Neumann 
subalgebra such that there exists a nonzero partial isometry s £ M satisfying that 
6i(x)v — vx, for all x G Q. Then one of the following alternatives holds: 

(1) Q<MA>* a T, 

(2) There exits L E I such that Q -<m A x CT (H li T L ). 

Proof. Working with amplifications we can assume without loosing any generality 
that p = 1. Since v is a nonzero partial isometry we have that < ||«||2 ^ 1. Let 
w be an element in M such that \\v — w|| 2 < and w = J^fjes geK a ng u fig wnere 
S C H 1 and A'cf are finite sets. Using the triangle inequality we have that 



(19) < \t(6i(u*)wuw*)\, for all u G U{Q). 

In the remaining part of the proof we show that if we assume Q -/^m A x CT T and 
Q A >4 a (H li r t ) for all i G / then we can find a unitaries u G U(Q) such that 
\t(6i(u*)wuw*)\ is as small as we like. When this is combined with (|19|) we get 
that v — which is a contradiction. 

Every unitary u G M = A x CT (if U T) can be written as u = Yl^geHiiT a ng u vg> 
where a m G A, rj G fi 7 and g G I\ Using these formulas one can evaluate: 

\t(6i(u*)wuw*)\ = 
= \ T { zl X! u g- 1 e{i- 1 )al g a fl iUf l iaQ k u Ci kU m -i x< -ia* :im )\. 

- \ T ( a g- 1 e(t- 1 ){a}ga^i)a g -i e (£-i) n i(a£k)&g-i8(£-i), 1 i(km- 1 y- 1 { a ^m) u 

i,7ES;l,meK 
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(20) = E l 7 "( CT ff- I 8(£- 1 )(o£ ff a ^) CT ff- I e(£- 1 )jjj(ocfc)o^m)l 

g- 1 6(£- 1 )fjKkm- 1: y- 1 =e 

Applying Cauchy-Schwartz inequality, the above quantity is smaller than 

(21) E IWg-^-^i^g^hlWg-ie^-^iia^o^mh 

g- 1 6(£- 1 )fjl(km- 1 y- 1 =e 

Denoting by C — max f,^ e s { || 0.77^ || 00 II 1 1 00} then continuing in (PHI) we have that 

l,meK 

(22) <^E( E hMWckh) 

l,meK g-ifl(^-i)^jfjfe7n-isp-i =e 

A simple computation shows that the equation g _1 #(£ _1 )?77('fcm~ 1 7~ 1 = e is 
equivalent to 

P9- 1 (^(6 _1 )^)Pg- 1 i(C)Pg-iifcm-i(7" 1 ) = e 

and 

g~ x lkmT x = e, 

which is further equivalent with 

c=pi-i(r 1 e(0)p*m-i(7) 

and 
g = Ikm . 

Next we let 7 = 7172 and 77 = 771772 with 772,72 G -ff 7 and 7)1,71 being either 
trivial or having all entries reduced words ending with a nontrivial letter from Z. 
Therefore plugging in the previous equation we obtain 

(23) C = P;-i(^ 1 )Pi- 1 (^r 1 )ft- 1 ( 6, (0)Pfcm-i(7i)Pfcm-i(72) 
and since £, pi-i (i]^ 1 ), Pkm- 1 (72) € # 7 it follows that 

(24) Pl -i (v^Pt-i (6(0)pkm-i (7i) G H 1 . 

Also notice there exist finite subsets, Li^ m ^^ C T and i^m^/y C / such that 
Z _1 supp(fji) H kmT x supp(Zfi) = for every G T \ m a ^5, where we denoted by 

■^1,771,77,7 = Uzeii^f^.iEF;,™,*;,, Zr *- 

When we combine the above paragraph with the fact that the first letter of every 
entry of Pz-i (t^ 1 ) and the last letter of every entry of Pfe m -i(7i) are nontrivial 
elements in Z, then (pM|) implies that 

ft-iftr^PJ-^CO^fcm-^Ti) = e. 
Hence, we obtain that for all Z, m G K, fj, 7 G iS, k G T \ J-^m.fj.j one has 

= mP/fcm-i^r 1 ); C = Pl-l{r)2 1 )Pfem-i(72) 

(25) and 
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On the other hand, it can be easily seen that for every I, m G K; fj, 7 € S, z G 

L, ,m.?7,7 there exist 771,77,7, 27 yi,m,fj,'y,z 

e H 1 (depending only on I, m, fj, 7, z ) such 
that the equation (|23p is equivalent with 



(26) C 
Hence (f22|) is equal to 



= C£( E Hotell2||oc*lla+ £ KJalkfcHa), 

i,mfcft {=p,_ 1 «- 1 »W))p hm _ 1 ('« C=P,-i(')- 1 9(e))p, i . m _l(7) 

g = ifcm- 1 9 = ZfcTTi- 1 

and using relations (f25j) and (f26|) this is furthermore equal to 

= C X ( X H a e- 1 (')l)'*:n^ 1 e- 1 (7r 1 )" 2 " a p,-i(')2" 1 )' i;m_1 72'nll 2 
+ £ X H ?"""- 1 Il2|| a l!, m ,*5^ (!8 «3/!,m,*5.-r,( t «ll2)- 

Splitting up the sum of the second term and using the definition for elements in 
•?7,m,<7,7 we get 

= ( " H ( X H a e- 1 ()j 1 )/fcm- 1 e- 1 (7r 1 )ll 2 ll a p 1 -i('72" 1 ) fem_1 72"ill 2 

+ X/ X! X! X! ll a ^fcn»- 1 H 2 H ffl a!i,m,^^ J .i»i < m,^7,»fcl|2) 

Above note that A: = zq. Now by Cauchy-Schwarz inequality we have that 

- C J2 ( X H a 0-l(7 1 )Ifcm-l0-l(7 1 - 1 )lla)'( X H a p ! -ite 1 )fcp m -i(72)lli)^ + 
+ Z H a €ifcm-i|l2)'( Z ll a ^, m .^T,,€^, m ,^.-y„fe|l2)^) 

< C Z (H^>rK-i ()} -i ) wwe-i(7i))ll2||^xr(wp i _ 1 (, )2 )MMp m _ 1 (7 2 ))||2 

(27) 

' » I ,777, 77, -y ,S ^1,771,77,-7,2 

zeI -i,m,7i,7 

*G-F>, 777,77,7 

If one assumes that the conclusion does not hold, i.e. Q -j^m A x H 1 and 
Q ^4 x r, then by Theorem 12.11 there exist a unitaries u € U(Q) such that 
for all I, m, 77, 7 we can make the terms in the above sums as small as we like. In 
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particular, using inequality (|27j) there exits a unitaries u G U{Q) such that the 
quantity \t(9i(u*)wuw*)\ is arbitrary small thus proving our claim. □ 

So for the proof of the main theorem, if d t — > id converges uniformly on the 
unit ball of Q, then by the above two lemmas we have that either Q -<m A y\ T or 
Q -<m A * (Hli T L ) for some l G /. In the second case, we can view Q as embedded 
in a corner of Ax (HliY L ) and since 8 t converges uniformly to icLq then an averaging 
argument shows that 6 t must be implemented by a partial isometry v in M. Looking 
closely, it would seem that v would have to conjugate each coordinate of H 1 by 
u, since this is exactly what Qt does. However, the only way for this to happen 
would be if the algebra Q would be supported on H F , for some finite set F C I. 
In fact we show below this is indeed the case. In order to do so, and thus finish the 
proof of Theorem l3.5i we need the following lemma whose proof is a straightforward 
adaption of the proof of Theorem 3.6 (ii) in I0O6 . We include full details though, 
for the reader's convenience. 

Lemma 3.4. Let M and M as in Theorem Iff. 51 and let N C p(A x [H U T L ))p 
such that 8 t — > id on N . Then one can find a finite set F a I such that N -<m 
Ax (HIt l fT l ). 

Proof. Notice that, since 8 t id uniformly on (N)i then by Lemma 13.21 there 
exists t > and a nonzero partial isometry v G M such that 

(28) O t (x)v = vx for all x G N. 

Consider the Fourier expansion v — Y^fjgEHiiT a ng u vg an< ^ letting v g = X^eif 1 a ng u v G 
A xi o- H 1 we have that v = X) g er v g u g- 

Fix g G r such that v g 7^ and denote by n the cardinality of the stabilizing 
group T, . 

We know that given any e > and any k G T t g and h G gT L we can find a finite 
set F C I and a finite collection v' k ,v' h G A x H F , such that \\vk — v' k ^2 < an d 
\\vh — W/Jb < ^7- If we let a; = X) 7 er x i u i G N then, identifying the u g coefficient 
on both sides of equation (|28p. we have 

^ 9 t {x 1 )o- 1 (v k ) = v h a h (x~ ( ) for all x G N. 

yk=g hy=g 

Combining this with the above inequalities we obtain 

(29) || ^KKWfc) ~ v 'h<7h(x-y)h < 2e for all x G (N) t . 

jk=g hy=g 

Since E 7fc=fl ^O&rMO e n = L 2 (9 t (An (Hh^ F TA))^L 2 {Ax (HI^fT,)), 
if we let T be the orthogonal projection onto H, then combining the above with 
triangle inequality we obtain 

\\T( v' h a h (x y )) - v 'hM^)h < 4e fOT a11 x G 

h-y=g h*y=g 

On the other hand for every x G L(H) we have E St ^ L ^ H ^(x) = \T(ut)\ 2 8 t (x) and 
therefore a little computation shows that for all ^ G L 2 (A » H li\r L F r t )®L 2 (A x 
-ff lr t F r,,) we have 
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WnOg < |rK) 4 Hlell^ + (1 - \r(u t )\ 4 )\\E A ^ FrL (0\\l 
Using the last inequality for £ = 5Zj,„_ g v' h <Jh ,{%y) m combination with ()29|) we 
get that for all x £ IA{N) we have 

h~t=g 

> (1 - \T{ut)\ A )- X [{\\ E <^K)ll2 - 4 £ ) 2 - |r( Ut )| 4 || E 

= || E - (1 - KuOlVCM E ^^(x 7 )|| 2 - 16e 2 ) 

^7=9 'i7=9 

£ (|| £ ^^K)ll2 - e) 2 - (1 - IrKJlVCSlI E ^^K)ll2e - 166 2 ). 
'17=9 ^7=9 
Choosing e sufhciently small one can find a element g € T and a constant c > 
such that for all ir € U (N) we have 

ll^*ff; riF I\(0t(2O«<)l|2 = \\E Ay< H lripT ^VXU* g )\\2 

= \\ E Axmr^rS v 9<rg( x ))h > c. 
This implies H-E^w^j, F r )( a -^-t( t M pll2 ^ c an( i by expanding F to a larger finite 
set if necessary, we can find v' G A x (i? ?r,F I\) with t/ close to v in || ■ H2 such 
that 

Now if we further truncate v' such that it is supported on elements of H It l f I\ 
with bounded world length in H then we can find elements a\, ...,a n € M with 

Ell^x'C^jrro^aOlh > Ti 

i 

and therefore by Theorem 12. II we have iV -<m ^4 X (H It.f TJ- D 

Applying Theorem 13. II in the context of rigid, i.e. property (T), subalgebras of 
M we obtain the following structural result 

Theorem 3.5. Let H,T countable groups and let I a T-set with finite stabilizers. 
Let H lj r rx A be a trace preserving action on a finite algebra A and denote by 
M = A xi (HliT). If Q C pMp is a diffuse rigid subalgebra then one of the following 
alternatives holds: 

(1) Q < M A x r, 

(2) There exists 1 6 I and a finite set F C I such that Q -<m A x (H ir,F 

Proof. Since Q C pMp is rigid, we know that Q C pMp is rigid as well. Thus, we 
can find F C M finite and S > such that if <j> : M — > M is a normal, subunital, c.p. 
map with \\(f>(x) — x\\2 < S, for all x G F, then \\(p(u) — u\\ 2 ^ §, for all u € U(Q). 
In particular, since t — > Q t is a pointwise ||. ^-continuous action, we can find rt > 1 
such that ||0i/2« (u) — u\\ ^ 5, for all m £ U(Q). Therefore 6* t — > id uniformly on 
the unit ball of (Q)i and the conclusion follows from Theorem 13. II □ 
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Also, for further use, we point out the following consequence of the above theo- 
rem: 

Theorem 3.6. Let H be a group with Haagerup 's property and I a T-set with finite 
stabilizers. Let H lj T rx A be a trace preserving action on an abelian algebra A 
and denote by M = A XI (H li T). If Q C M is a diffuse property (T) subalgebra 
then Q -<m A x T. 

Proof. Notice that, by Theorem l3.5[ we only need to show that Q A x (HljT,). 
Below we proceed by contradiction to show this is indeed the case. 

So assuming Q A~a (H\iT l ), without loosing any generality, we may actually 
suppose that Q C A x (H lj I\) is a possibly non-unital subalgebra. 

Since H has Haagerup property it follows that H lj T L also has the Haagerup 
property. Therefore one can find a sequence, {</> n } £ c a (H ljT L ), of positive definite 
functions that converge to the constant function 1 pointwise. It is well known 
that the corresponding multipliers m n — m^^ : A x (H U T L ) — > A x (H U T L ) 
given by m n (Yl a g u g) = S 4>n{g)a, g u g form a sequence of completely positive maps 
converging pointwise to the identity. Since Q has property (T) , they must converge 
uniformly on the unit ball of Q. Thus there is a finite set F C H lj T L such that if 
x = J^geHtiT, X 9 U 9 e (Q)i tnen II J2 g eF x a u ah > \ for au x € (Q)i- 

This implies that J2 g eF \\^a(xu*)\\ 2 > \ and by Theorem 12. II we obtain Q -<m 
A, which is a contradiction because A is abelian while Q has property (T). □ 

4. Commuting Subalgebras of M. 

In this section we study commuting subalgebras of von Neumann algebras arising 
from actions by wreath product groups. Our main result is a general theorem 
describing the position of all subalgebras of M having large commutant. The first 
result in this direction was obtained by the second named author in Po06a] , in the 
context of von Neumann algebras arising from Bernoulli actions. For similar results 
the reader may consult |Oz04| [CI08 . 

Theorem 4.1. Let H,T be countable groups with H amenable and let I a T-set 
with finite stabilizers. Let H liT rx A be a trace preserving action on an amenable 
algebra A and denote by M = Ax (HliT). Let p G M be a projection and P C pMp 
be a subalgebra with no amenable direct summand. If we denote by Q = P' fl pMp 
then we have that Q -<m A x T . 

Moreover, if we also assume that A x T is a factor and Q A xi I\ for all t 
then there exists a unitary u £ M such that u*Mm{Q)"u C A x V . 

Our proof is again based on deformation/rigidity technology, resembling the 
proof of Theorem 13.51 The main difference however is that, instead of property 
(T), we will use the "spectral gap rigidity" argument from [Po06aj to show that the 
deformation 6 t converges uniformly to the identity on the unit ball of Q. For the 
proof of Theorem 14.11 we need the following preliminary result. 

Lemma 4.2. Let M and M as above and let u be a free ultrafilter on N. If 
P C M C M is a subalgebra with no amenable direct summand then P'nM w C M w . 

Proof. The first step is to decompose the M-bimodule L 2 (M) Q L 2 (M) as a direct 
sum of cyclic M-bimodules. It is a straightforward exercise for the reader to see that 

rrlHIa 

the above M-bimodule can be written as a direct sum of M-bimodules Mfj s M , 
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where the cyclic vectors 77s correspond to an enumeration of all elements of H 1 
whose non-trivial coordinates start and end with non-zero powers of u. 

Next, for every s, we denote by r/ s the element of H 1 that remains from fj s after 
deleting all nontrivial powers of u. Also for every s let A s be the support of f) s in 
I and observe that if Stabr(fi s ) denotes the stabilizing group of fj s inside T then 
we have Stabr(f) s )(I \ A s ) C (I \A S ). Hence we can consider the von Neumann 
algebra K s = A x CT (-H^j\a s StabY<(rj s )) and using similar computations as in Lemma 
5 of [CI08], one can easily check that the map xfj s y — > xr] s eK B y implements an M- 

bimodule isomorphism between Mfj s M 2 and L 2 ((M,eK s ))- 
Therefore, as Af-bimodules, we have the following isomorphism 

(30) L 2 {M) e L 2 (M) = 0£ 2 ((M, e Ks )). 

s 

Notice that, since / is a T-set with amenable, in fact finite, stabilizers if follows 
that Stabrifjs) are amenable for all s. Also, since H is amenable group and A 
is an amenable algebra we conclude that the algebra K s is amenable for all s 
and therefore the bimodule in p0[) is weakly contained in a multiple of the coarse 
bimodule L 2 {M)®L 2 (M). Finally, the conclusion of our lemma follows proceeding 
exactly as in Lemma 5.1 from [Po06a . □ 

We can now proceed with the proof of Theorem 14.11 

Proof. First we use the spectral gap argument to show that the deformation 9 
converges to the identity uniformly on (Q)\ .Indeed, exactly as in |Po06a) . since P 
has no amenable direct summand, Lemma l4~2l implies that P' f)M u C M w . Hence, 
for any e > there exist 5 e > and T G W(P) a finite set, such that whenever 
x 6 M satisfies ||[a;, u]||2 ^ S e for all u 6 T we have that \x — Em{x)\\2 ^ e. 

If we let t e > such that ||#t(w) — u\\ < 4f for all u e T then the triangle 
inequality implies that for every ^ t ^ t e and every x G {Q)i we have 

||[0 t (a:),u]||2<2||0 t (iO-u|| < e. 

Therefore by the above we obtain that — EM{0t{x))\\2 ^ e and using the 

transversality of 8t (Theorem 1 1 . 1 1) we conclude that \\92t(x) — x\\2 ^ 2e for all 
x £ (Q)x and < t < t e . 

In conclusion deformation 6t converges uniformly on (Q)i and hence, by applying 
Theorem 13.11 we have the following two alternatives: either Q -<m A >4 T or there 
exist l € / and a finite set F such that Q ~<m A xi (H lr L F r t ). 

Next we show that the second case, together with the assumption Q -fi M A>o a Tj 
for all j & I will lead to a contradiction. By these assumptions, using |Va07j . 
one can find nonzero projections q G Q, p G A yi (H Iy l f r t ), a *-homomorphism 
4> : qQq — > p(A x (H lr L F^ L ))p and a partial isometry w G M such that 4>{x)w = wx 
for all x G qQq and 4>(qQq) 7^/ A xi Tj for all j G /. 

Since 4>(qQq) is a diffuse subalgebra of p(A x (HIy l f F L ))p then part (3) of Lemma 
12.41 implies that 

(31) <M<zQ<z)' n P Mp c^fA^ffi; r t )K. 

seK 

On the other hand P C Q' n M and hence by §5Q we have wPw* C J2 s ek \ A x 
(H li T L )]u s . Since K = \_] k leF gk,iF L Tk for some finite set of elements gk,i G T 
then by above we have that wPw* C J^k A A * (HliT L Tk)]u gk r Using intertwining 



Some OE and W*-Rigidity Results 



19 



by bimodule techniques this implies that P ~<m A x (H U PiTO for some k E F 
but this is impossible because A x (H U Ti,Stabr(k )) is amenable while P has no 
amenable direct summand. 

Therefore the only possibility is Q -<m A x T and the remaining part of the 
conclusion follows proceeding in the same way as in Theorem 4.4 ii) of [Po03 . □ 

An algebra N is called solid if for every A C N diffuse subalgebra A' n N is 
amenable. As a consequence of previous theorem we obtain the following stability 
property similar with Corollary 8 in jCI08j . 

Corollary 4.3. Let (A, r) be an amenable von Neumann algebra and H be an 
amenable group. Assume that (H }T) r\ A is a trace preserving action such that 
M = A x (H I T) and A X T are factors and for every diffuse Q C A the relative 
commutant Q'nM is amenable. Then A x (H IT) is a solid if and only if A x T 
is solid. 

Proof. Notice that the proof follows once we show that A x T is solid implies 
A x (H IT) is a solid. Hence assume that A x T is solid and let B C M — A~a{HiT) 
be a diffuse von Neumann subalgebra. If we assume by contradiction that the 
commutant P = B' fl M is non-amenable, then we can hnd a non-zero projection 
z E Z(P) such that Pz has no amenable direct summand. Since [Bz,Pz] = 
then Bz -<m A x T and by the hypothesis assumption we have that Bz -^m A. 
Therefore, since A x T is a factor then by the second part of Theorem 14.11 one can 
find a unitary u E M such that u(Bz V Pz)u* cixT. This however contradicts 
the solidity of A x T and we are done. 

□ 

Remark 4.4. It is immediate from Theorem 14 . 1 1 that if H is an amenable group 
then for any non-amenable group T and any free, ergodic, measure preserving action 
H IT rx (X,n) the IT factor L co (X,ii) x (H I T) is prime, i.e. it cannot be 
decomposed as a tensor product of two diffuse factors. 



5. OE-RIGIDITY RESULTS 

Sako showed in [Sa09| that a measure equivalence between two wreath prod- 
ucts groups H I T and K I A, where H, K are amenable and T, A are products of 
non-amenable exact groups, implies the measure equivalence of the malnormal sub- 
groups r and A. In fact he was able to prove this measure equivalence rigidity 
for certain classes of direct products and amalgamated free products, thus ob- 
taining rigidity results a la Monod-Shalom [MS02] , as well as of Bass-Serre type 
[IPP051 IAG081ICH08] . His methods rely on Ozawa's techniques [Oi03l [Qi04] in- 
volving the class S of groups, being C*-algebraic in nature and depending crucially 
on exactness of the groups involved. 

In this section we apply the results from the previous section to show that this 
type of measure equivalence rigidity for wreath products holds true for much larger 
classes of groups ( Corollary 15.31 below). The techniques we use in the proof are 
purely von Neumann algebra, using Popa's deformation/rigidity theory. 

The Classes WR(k). Recall from the introduction that for each k = 1, 2, 3, we 
denote by WR(/c) the class of all generalized wreath product groups H lj T with 
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r i.c.c, / a T-set with finite stabilizers and satisfying the corresponding condition 
from below: 

(1) T has property (T) and H has Haagerup's property; 

(2) r and H have property (T) and H is i.c.c; 

(3) r is a non-amenable product of infinite groups and H is amenable. 

Theorem 5.1. Let H liT,K lj A G WR(fc) and suppose that (H T) r\ A and 
(KljA) rx B are free, trace preserving actions on diffuse, abelian algebras. Denote 
by M = A n (H liT), N = B x (K lj A), lett>0 and assume that <f> : M -> AT* is 
a * -isomorphism such that <j>{A) = B . 

Then one can find a unitary u G A/jyt(S ) such that u*<j>{A x T)u = (B x A) 4 . 

Proof. Denote byP = Axr,(2 = i3xA and observe that A C P C M and 
B C Q C N . To simplify the technicalities we will assume without loosing any 
generality that t — 1 . Since T either has property (T) or is a non-amenable product 
of infinite groups and <fi is an isomorphism it follows that either 4>{LT) is a property 
(T) subalgebra of M or (j)(LT) is a non-amenable tensor product of two diffuse 
factors. 

Below, we argue that for all cases (l)-(3) covered in the definition of the classes 
WR(fe) we have 



For case ([T]) this follows directly from Corollary 13.61 while for case (j3|) it follows 
from Theorem 14. II Therefore it only remains to treat case ([2]), i.e. when all groups 
H, K, T, A have property (T). 

Applying Theorem 13.51 we have that either 4>(LT) -<]v Q or there exists a finite 
subset T C J such that 4>(LT) ^.n B xi K t and therefore to finish the proof of (|32|) 
it suffices to show that the second possibility leads to a contradiction. 

Notice that since (f>~ 1 (LK T ) is a property (T) subalgebra of M then Theorem 
13.51 again implies that either cf>~ 1 (LK T ) -<m P or there exists a finite subset S C I 
such that 4>~ 1 {LK T ) -<m A x H s . Next we show that both situations are leading 
to a contradiction. 

Assuming the first situation, since LK T and P are a factors, then proceed- 
ing as in the proof of Theorem 5.1 in [IPP05j one can find a nonzero projection 
pi € LK J \ T and a unitary u\ G M such that ul((/>^ 1 ((LK T )p 1 ))ui C P. Using 
Lemma \2 .41 this implies that u\(4>~ 1 (pi{LK J )pi))ui C P. Moreover, since P is a 
factor, we have that u\{^ 1 (L(K J ))ui C P and therefore Lemma [2^41 implies that 
(L(K I j A))iti C P. However, since 4>~ 1 {B) = A then by Lemma T2.2I again 
we have that M = </) -1 (Af) -<m P, which is obviously a contradiction. 

Assuming the second situation, since 4>^ 1 (B) — A, then Lemma T2.2I gives that 
4>^ 1 (B x K T ) -<m A X H . From the initial assumptions B x K T is a factor and 
therefore Lemma [231 implies that c/)^ 1 (B x K T y C (A x H S ) UJ V M or equivalently 



Also, since 4>(LT) B » K T , the same argument as above shows that 

{<t>{LT)Y C (B x AT T )" V AT, 

and combining this with ([32]) we obtain that {(f>(LT)) u C 0(A x H I )) U '\/ N. There- 
fore the second part of Lemma 12.31 implies LT -<m A x iJ 7 but one can easily see 
this is again impossible. 



(32) 



<j>{LT) ^ N Q. 



(33) 



(B x K T Y c (4>(A x i/ 5 ))" V AT. 
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Hence we proved (l32|) and, moreover, since <j){A) = B then Lemma [2.21 implies 
that 

(34) <P(P) < N Q. 

Next we show that the intertwining above can be extended to unitary conjugacy 
preserving the Cartan subalgebra B. 

By (|34j) one can find nonzero projections p € P, q G Q, a nonzero partial isometry 
w G M and a unital isomorphism ip : <j){pPp) — > qQq such that 

(35) uuip(x) — xw for all x € <f>{pPp). 

The previous relation automatically implies that ww* G ipipPp)' n <p(p)N(p{p) and 
w*w € ip((j)(pPp)y DqMq. Since P is a factor then Lemma [2~4l gives that <f)(pPp)' fl 
<j)(p)N(f){p) — C(j>(p) and therefore ww* = </>(p). 

Similarly, since i(j((j)(pPp)) is a Hi factor and P x Stab\(j) is a type I algebra 
for all j G J then tp(<j>(pPp)) -^q B x Stabf^(j) and by Lemma [2.41 we have that 
if)((f)(pPp)y n gAg C Q. When this is combined with the above we obtain w*w € Q 
and hence relation (|35[) implies that 



(36) u>*0(P)w = w*wip{<j){pPp)) C Q. 

Letting «o G A to be a unitary such that w = ww*vq, the previous relation rewrites 
as VQ<p(pPp)vo C and since Q is a factor one can find a unitary u G A such that 

(37) v<t>{P)v* C Q. 

Next we claim that vBv* ^.q B. To see this, suppose by contradiction that 
vBv* B. Since Stab\(j) is finite for all j E J this is equivalent to uBf* -^q 
B x Stab\(j). Therefore Lemma [2.41 implies that Nn{vBv*)" C Q and because 
tPv* is a Cartan subalgebra of N one gets that N C Q. However this is impossible 
and hence we proved our claim. 

Furthermore, since vBv* and B are Cartan subalgebras of Q satisfying vBv* -<q 
B, Theorem A.l. in [PoOlb shows that there exists a unitary v-y G Q such that 
vivBv*v\ = B. Therefore u = v\v G Nn{B) and combining this with (|37f we 
obtain that 

(38) ucj){P)u* C Q. 

In the remaining part of the proof we show that the two algebras above coincide. 
Indeed, applying the same reasoning as before for the isomorphism 
find a unitary u D G Mm {A) such that 



and combining this with (J38J) we obtain 

(39) uo^HPcT VK c u^-'CQK c p. 

However, Lemma [2.41 implies that M </> _1 (it) G P and therefore relation ([39]) be- 
came u ())~ l {u)P4>~ l {u*)u* — u cj)^ 1 (Q)u* = P, which in particular entails that 
u(j){P)u* = Q. □ 

Theorem 5.2. Let H li T, K \j A be generalized wreath product groups such that 
H , K are i.c.c. groups with property (T) and I, J have finite stabilizers. Suppose 
that (H 1 1 r) rv A and (K lj A) r\ p B are free, trace preserving actions on diffuse, 
abelian algebras and denote by M = A x (H U T), N = B x (K lj A). 
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lft>0 and (f> : M —> N is a * -isomorphism such that (f>(A) = B l then one can 
find a unitary x € MNt{B t ) such that x<f>(A x H I )x* = (B x if J )*. 

Proof. To simplify the technicalities we assume that t = 1. Since H has property 
(T) then <f>(LH) is a rigid subalgebra of N and therefore by Theorem 13.51 we have 
that either <j>{LH) -<at B x A or there exits a finite subset T C J such that 
4>(LH) B x if T . Using the same arguments as in the first part of the proof one 
can easily show that the first possibility will lead to a contradiction. Therefore we 
have that 4>{LH) -<n B x if T and by applying Lemma 11^41 we get that </>(Lii 7 ) 
B x if 7 . Applying Lemma l!^4l this further implies that <j>(A x H 1 ) -< N B x K J 
and therefore there exists a A x H I -B x if 7 bimodule H with finite dimension over 
B x if J . 

A similar argument for _1 shows that B x if 7 <fi(A x ii 7 ) and hence one 
can find a nonzero B x if 7 -A x H 1 bimodule K, with finite dimension over B x if J . 
Since T, A are i.c.c. and B x if 7 and 0(A x T) are irreducible, regular subfactors 
of N then, by Theorem 8.4 in [IPP05 , there exists a unitary u £ AT such that 
w</>(A x H ! )u* = B x if' 7 . Denoting by = Ad(u) this further implies that ip u o(f) 
is an isomorphism from A x ii 7 onto B x A"' 7 which satisfies 

4>u ° 0(a)u = u0(a), 

for all a G A. Next we consider the Fourier decomposition u = X)agA with 
y\ E B >t if 7 and using the above equation there exists a nonzero element S 
x if 7 such that for all a € A we have 

(40) V« <t>{a)yx = y\p\((j>(a)). 

Note that since B = <fi(A) is a maximal abelian subalgebra of A^ then (|40| implies 
that € -B- Furthermore taking the polar decomposition y\ — w\\y\\ with w\ 
partial isometry in (|40"1) we conclude that 

ip u o 4>{a)w\ = w\px(4>(a)), 

for all a E A. 

This shows in particular tj) u {B) -<bak> B and since B and ij) u (E) are Cartan 
subalgebras of B x if 7 then by Theorem A.l [PoQlbj there exists a unitary u a £ 
B x if 7 such that u ip u (B)ul — B. Finally the conclusion follows by letting 
x — u u G Mn{B). □ 

We now have the following immediate corollary of Theorem 15.11 

Corollary 5.3. Given 1 ^ k ^ 3 let H lj Y,K\j A G WR(fc) . If one assumes that 
H IjY =me K lj A then we have T =me A. 

A natural question one may ask is to try classifying all groups T and H for which 
the above measure equivalence rigidity phenomena holds. This however remains 
widely open as for the moment it is unclear what general condition one may be 
formulate at the level of groups T and H to insure this type of rigidity. For instance 
even when assuming T has property (T) it is not obvious what are all groups H for 
which this rigidity holds. 

Another interesting problem is to find situations when measure equivalence rigid- 
ity can be upgraded also at the level of the "core" groups H 1 and if 7 . A desirable 
result in this direction would be that a measure equivalence between HIT and if I A 
induces a measure equivalence not only between the malnormal groups T and A but 
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also between the normal groups H T and K A . Notice that combining Theorems 15.31 
and 15.21 above we obtain one instance of this phenomenon. 

Corollary 5.4. If H\iT,K lj A e WR(2) such that HUT —me K I j A then we 
have r —me A and H 1 =me K J . 

6. W*-RIGIDITY RESULTS 

Some of the technical results obtained in the previous sections can be pushed to 
slightly more general situations. For instance rather than studying commuting sub- 
algebras algebras of von Neumann algebras arising from actions by wreath product 
groups one can study weakly compact embeddings. 

This notion was introduced by Ozawa and Popa and it was triggered by their 
discovery that in a free group factor M the normalizing group Mm{P) of any 
amenable algebra P acts on P by conjugation in a "compact" way |OP07j . This 
was a key ingredient which allowed the authors to prove that in a free group factor 
the normalizing algebra of any amenable subalgebra is still amenable. For reader's 
conveninece, we recall the following definition from jOP07j : 

Definition 6.1. Let ArvP where P is a finite von Neumann algebra. The action 
a is called weakly compact if there exist a net (r] a ) of unit vectors in L 2 (P®P) + 
such that: 

(41) \\r) a - (v®v)7i a \\ 2 ->0 for all v € U(P); 

(42) \\Va ~ <r g ® Vg(Va)h ~> Q for all j£ T; 

(43) ((x ® l)r] a , rj a ) = r(x) = (r] a , (1 ® x)r] a ) for all a and x € P. 

If P C M is a subalgebra such that the action by conjugation of the normalizing 
group Nm{P) on P is weakly compact then we say that the inclusion P C M is 
a weakly compact embedding. It is straightforward from the definitions that every 
compact action action A rx P is automatically weakly compact and hence every 
profinite action |Io08] is also weakly compact. 

In the main result of this section we describe all weakly compact embeddings in 
cross-products algebras of type M — A x (H I V) with A amenable algebra and H 
amenable group. Roughly speaking, we obtain a dichotomy result asserting that 
every weakly compact embedding in M, either has "small" normalizing algebra 
or "lives" inside A x T. This should be seen as analogous to Theorem 4.9 in 
|OP07j . In fact our proof follows the same recipe as the proof of Theorem 4.9 
in |OP07) . The main difference at the technical level is that instead of working 
with the malleable deformation for actions of free groups we will work with the 
deformation described in the first section. Therefore the compactness argument 
used in the proof of Theorem 4.9 in [OP07] will be replaced by the trans versality 
property from Theorem ll.il Most of the arguments used in |OP07) apply verbatim 
in our situation and we include some details only for reader's convenience. 

Theorem 6.2. Let (A,t) be an amenable von Neumann algebras and H be an 
amenable group. Assume that H IT rx A is an trace preserving action and denote 
by M = A xi (H IT). If we assume that P C M is a (diffuse) weakly compact 
embedding such that Nm{P)' H M = CI then one of the following must hold true: 

(1) There exists a nonzero projection p € P such that AfpMpipPp)" is amenable. 

(2) P < M A x r. 
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If we assume in addition that P C M is a Cartan subalgebra then we have that 
P <m A. 

Proof. Let Q C Nm (P) be a subgroup that acts weakly compactly on P and assume 
that U(P) C Q. First we will show that, when we view P C M, if 8t does not 
converge uniformly on (P)i then Q" is amenable. 

So let us assume that 9 t does not converge uniformly on {P)\. Therefore by 
transversality of 9t , Theorem one can find a constant < c < 1 , and infinite 
sequences tk E K, Uk G U{P) such that tk — > and 

||^(«fc)-^(^(«fc))l|2 >C 

Since ||#t fc (u/c)||2 = 1 then Pythagorean theorem further implies that 



(44) \\E M (0 tk (u k ))h < Vl-c 2 . 

Now we fix e > and F C Q a finite set. Then we choose <5 > satisfying 
1 — 25 > vl — c 2 and fc sufficiently large such that for all u G F we have 

For the rest of the proof we denote by 9 = 9 tk and v — Uf. and let (f] a ) be as in 
the definition of weak compactness. Then we consider the following nets 

Va = (9 <8 l)(va) G L 2 (M)®L 2 (M), 

( a = (e M ® G L 2 (M)®L 2 (M), 

Ca = ^ - Ca G (L 2 (M) G L 2 (M))®L 2 (M). 

Using the identity ||(a;(g> l)^ a ||| = ' r (^/(0 _1 (a;*a;))) = ||x||§ then for every u e F 
and a sufficiently large a we obtain the following inequalities 

||[«®«,Ca]||a < II [«® «, ^a]||2 < ||(fl®l)([u®U,»7a])||2+2||«-ff(tt)||2 < ~. 

Below we proceed by contradiction to show the following inequality 

(45) Lim«||C^|| 2 ><5- 

Assuming (f45|) does not hold we get the following estimations: 

Lim Q ||r) Q - (e M (6{v)) ® 5J)Ca||a < Lim Q ||?7 Q - (e M (9(v)) <S) TT) r)^ 1 1 2 + Lim a ||C^|| 2 

< Lim Q ||^ Q - (e M (9(v)) (E>v)rj a \\ 2 + 5 

= Lim a ||C« + Ca - {e M ® !)(%) ® tf)»Ula + * 

< ||Ca lla + II (eM <8> l)(f? Q - {0{v)®v)v a )h + 8 

< ||fy a - (6»(u)®¥)ry a || 2 +25. 

Then using the above inequalities we obtain 

\\E M (9{v))\\ 2 > Lim Q ||((£ M (0^)))®U)Ca||2 > Lun a \\r) a \\ 2 - 25 ^ ^l-c 2 , 
which obviously contradicts (|44|) . Thus we have shown that Lim Q ||C^|| > 5. 
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For large enough a, the vector £ = (^ e V. satisfies ||C||2 ^ S and || [w<8> u, CHI2 ^ 
|, for all u G F. Also, for every x € M we have that 

||(rs®l)C||2 = ||(a:®l)(e^®l)^o||a 
= ll(4f ® !)0® l)^a||a 

< II (k® i)fy 2 = w 2 . 

Using Lemma l4.2l we can view C as a vector in (0 i i 2 ((Af, e K ,)))®i 2 (M). Since 
is amenable then L 2 ((M, e^)) is weakly contained in the coarse bimodule L 2 (M) ® 
L 2 (M). Therefore we can assume C = (d)i, with Q G (L 2 (Af)®L 2 (M ))®L 2 (M). 
Define £ = ((id®T)(CiC))* € L 2 {M)®L 2 {M) andC = (CO* € 0^ 1 (£ 2 (M )^L 2 (M )). 
By proceeding exactly as in the last part of the proof of Theorem 4.9. in [OP07 , 
one derives that H^C'lla < IMI2 for all x G M, ||[tt, Cllh ^ e for all u G F and 
HC'lh ^ 5- But then Corollary 2.3. in |OP07j shows that Q" is amenable. 

So now we are left to deal with the case when 9t does converges uniformly on 
(-P)i- In this case Theorem 13.11 implies that P -<m A x T or P -<m A x H F for some 
finite set F C T. Since the first case already gives one of the conclusions of our 
theorem, for the remaining part we assume that P A X Y and P^j/ix H F . 

Since P A x T then P -4- Since P -<<m A x P F , after cutting by a 
projection, p, and applying a homomorphism we can assume pPp C A x P F . Since 
P 4, in fact since P ^ A there is a; = J2 g eH F x a u 9 e sucn that, for some 
'/• //' • , 0. 

Let y — X^7er^7 u 7 ^ N P Mp{pPp) = Q, with y 7 G A x H T . Now since ya:y* G 
A x iJ F we must have that there is a finite set K CY such that y~ = for 7 G Y\K. 
Thus for all u G U(Q), £ 7£K \\E A> , H r(uu^\\ 2 > 1/2. 

Thus Q -< A X P r , which is amenable since P r is amenable. Thus we have that 
Q is amenable as desired. 

□ 

When combined with results from previous section, this technical result allows us 
to derive a strong VF*-rigidity result for compact actions of certain wreath product 
groups. To introduce the result let us recall first the following definition. 

Definition 6.3. Let Y rx X and A rv Y be two free, ergodic actions. We say 
that they are virtually conjugate if one can find finite index subgroups, Fi C Y and 
Ai C A, positive measure subsets X\ C X and Y\ C Y with X\ being Ti-invariant 
and Y\ being Ai-invariant such that the restrictions Ti rv X\ and Ai rx Y\ are 
conjugate. 

Theorem 6.4. Let H, K be amenable groups and Y, A groups with the property (T). 
Assume that H I Y rx a X and K I A rx p Y are free, measure preserving action such 
thato~\Y is compact, ergodic and p\\ is ergodic. If L°°(A)x(P;F) ~ L°°(Y) x (KlA), 
then Y r\ ff| r X is virtually conjugate to A rv p lA Y . 

Proof. Denote by M = L°° ( X) x a (HlY) and N = L°° (Y ) x p ( Kl A) . By assumption 
there exists a ^-isomorphism 9 between M and N and since a is compact then 
9(L°°(X)) C N is a weakly compact embedding. Noticing that 9(L°°(X)) is regular 
in N , the second part of the Theorem IO implies that 9(L°°(X)) -< N L°°(Y). 
Furthermore, since both 9(L°°(X)) and L°°(Y) are Cartan subalgebras of N, one 
can find a unitary u G A such that u#(L°°(A))u* = L°°(F). In particular, we 
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have obtained that H I T rx a X =o e K I A rx p Y which, by Theorem I5.1[ implies 
that r rv CT| r X =oe A rv P| A Y . Finally, the conclusion follows by applying Ioana's 
Cocycle Superrigidity Theorem from |Io08j . □ 

Remark 6.5. Note that the requirements that T have property (T) and that a 
be compact on T in the previous theorem, forces T to be residually finite. Indeed, 
first note that since T has property (T), it is finitely generated. Also recall that 
if the action T r\ (X, fi) is compact then the associated unitary representation on 
L 2 (X,n) decomposes as a direct sum of finite dimensional representations, which 
we denote ^ ieI (^i, Hi)- So if the action is faithful (which is the case, because it is 
free), then given g E T we can chose i E I such that iti(g) is nontrivial. Since the 
image of T under 7r^ is finite dimensional and T is finitely generated, by a theorem 
of Mal'cev (see |Ma40j ) . the group 7Tj(F) is residually finite. Thus there is a finite 
group Gi^g and a homomorphism 4>^ g : ^(r) — > Gi, g such that 4>i^ g o iTi(g) is non 
trivial. Thus T has a finite quotient 4>i. g oiTi(r) in which the image of g is non-trivial, 
showing that T is residually finite. Note also that if if is a residually finite abelian 
group (e.g. if it is finitely generated abelian), then H I T follows residually finite as 
well (see e.g. |Gr57j ). Finally, in order to see that there are many actions of wreath 
product groups verifying the conditions in 6.4, note that if H I T is residually finite 
then it has profinitc (thus compact) actions. Altogether, we can take T to be any 
"classic" Kazhdan group, like >SZ/(ri,Z), n > 3, and H to be any finitely generated 
abelian group, like Z fe , (Z/mZ) fc , etc. 
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